Abstract. We study the relation between state transformers based on directed complete partial orders and predicate transformers. Concepts like`predicate',`liveness',`safety' and`predicate transformers' are formulated in a topological setting. We treat state transformers based on the Hoare, Smyth and Plotkin power domains and consider continuous, monotonic and unrestricted functions. We relate the transformers by isomorphisms thereby extending and completing earlier results and giving a complete picture of all the relationships.
Introduction
In this paper we give a full picture of the relationship between state transformers and predicate transformers. For the state transformers we consider the Hoare, Smyth and Plotkin power domains. We give a full picture in the sense that we consider algebraic directed complete partial orders (with a bottom element) (and not only at domains), we consider not only continuous state transformers, but also the monotonic ones and the full function space, we do not restrict to bounded nondeterminism, and we treat all the three power domains with or without empty set. The rst item is important when we want to use domains for concurrency semantics. The second and third item give more freedom in the sense that we can use these transformations also for speci cation purposes without constraints on computability. Having the empty set in a power domain can be important to treat deadlock. Our treatment includes the Plotkin power domain.
For state transformers we use an extension of the standard power domains. For predicate transformers we start from the (informal) classi cation of predicates in liveness and safety predicates of Lamport Lam77] . Later Smyth Smy83] followed by AS85, Kwi91] used topology to formalize this classi cation. Also we use topology for de ning predicates and safety and liveness predicate transformers. We consider predicate transformers with predicates that are the intersection of safety and liveness predicates. ? The research of this author was supported by a grant of the Consiglio Nazionale delle Ricerche (CNR), Italy, announcement no. 203.15.3 of 15/2/90.
We prove that the Hoare state transformers are isomorphic to safety predicate transformers, the Smyth state transformers are isomorphic to the liveness predicate transformers, and that the Plotkin state transformers are isomorphic to the \intersection" predicate transformers. So for the rst time we are able to give a full picture of all the relationships lling several gaps that were present in the literature.
Next we discuss how this paper is related to previous work. Power domains for dcpo's were introduced in Plo76], Smy78] and Plo81]. Our power domains are slightly more general in the sense that we do no restrict to non-empty (Scott-) compact sets. Besides the standard ways of adding the empty set to the Smyth Smy83] and to the Plotkin MM79, Plo81, Abr91] power domains, we also add the empty set in all the three power domain as a separate element, comparable only with itself and with the bottom.
Predicate transformers were introduced in Dij76] with a series of healthness conditions. Back and von Wright Bac80, vW90] Van Breugel Bre93] . In the present paper we give some new isomorphisms for the Hoare and the Smyth power domains, showing also how the previous ones can be obtained as combinations of the new isomorphisms. Our de nition of multiplicativity for predicate transformers permits us to use a technique similar to that used for the at case. Furthermore we give isomorphisms for the Plotkin power domain. As far as we know no isomorphism was known for the non-at Plotkin power domain (as for example is remarked in Plo81] and in Smy83]).
For reasons of space, proofs are not given in this paper. They can be found in BK93].
Mathematical Preliminaries
We introduce some basic notions on domain theory and topology. For a more detailed discussion on domain theory consult for example Plo81] , and for topology we refer to Eng77].
Let P be a set ordered by v P , x 2 P and let A be a subset of P. De ne x "= fyjy 2 P^x v yg and A "= S fx " jx 2 Ag. A set A is called upperclosed if A = A ". A subset A of a partially ordered set P is said to be directed if it is non empty and every nite subset of A has an upper bound in A. P is a (pointed) directed complete partially order set (dcpo) if there exists a least element ? P and every directed subset A of P has least upper bound (lub) F A.
A directed set A is eventually constant if F A 2 A. An element b of a dcpo P is nite if for every directed set A P, b v F A implies b v x for some x 2 A. The set of all nite elements of P is denoted by B P and is called base. A dcpo P is algebraic if for every element x 2 P the set fbjb 2 B P^b v xg is directed and has least upper bound x; it is !-algebraic if it is algebraic and its base is denumerable. Let P; Q be two partially ordered sets. A function f : P ! Q is monotone (denoted by f : P ! m Q) if for all x; y 2 P with x v P y we have f(x) v Q f(y). If P ia a dcpo we say f is continuous (denoted by f : P ! c Q) if f(
for each directed set A P; moreover f is stabilizing (denoted by f : P ! cs Q) if it is continuous and for every directed set A P f(A) is an eventually constant directed set in Q. If f : P ! c Q is continuous then f is monotone. Given a set Q, a continuous function f : P ! c Q is said -algebraic (denoted by f : P ! a( ) Q) if for every directed set S P and for every q 2 such that q v f( F S) there exists an x 2 S such that q v f(x). Clearly, for Q an algebraic dcpo Q with base B Q , a function f : P ! Q is continuous if and only if f is B Q -algebraic. A function f is strict (denoted by f : P ! s Q) if f(? P ) =? Q ; dually f is top preserving (denoted by f : P ! t Q) if and only if f(> P ) = > Q .
Let P be a dcpo and f : P ! P. We denote by :f the least xed point of f, that is, f( :f) = :f and for every other x 2 P such that f(x) = x then :f v x. For a monotone function f : P ! m P, where P is a dcpo, the least xed point of f always exists and can be calculated by iteration, that is, there exists an ordinal such that :f = f , where the -iteration of f is de ned by f = f( F k< f k ) for every ordinal HP72]. If f is also continuous then !. It can be of interest to consider also non-monotonic functions, at least when they are representation as quotient of some monotonic functions between dcpo, as shown in the following transfer lemma BK92]: let P be a dcpo and Q be a partially ordered set, f : P ! m P be a monotone function, h : P ! c Q be an onto and continuous function and g : Q ! Q be a (possibly non monotone) function such that g h = h f. Then for every ordinal the -iteration from the bottom element g exists. Moreover, if for each y 2 Q the partially ordered set h ?1 (y) P is nite or has either the bottom or the top element then the smallest xed point :g exists and :g = h( :f). 
Predicates and Predicate Transformers
A predicate P is a function from a set X to the boolean set Bool = ftt; g or, equivalently, is a subset of X. Topology provides an elegant way of expressing predicates of programs (see Smy83], Kwi91]) in which the open sets of a topological space X are seen as the computable predicates. Taking di erent topologies corresponds to di erent restrictions on the function space. For example, with ff v tt we have that O d (X) is isomorphic to the set of all the predicates from X to Bool, O Al (X) is isomorphic to the set of all the monotone predicates from X to Bool and O Sc (X) is isomorphic to the set of all the continuous predicates from X to Bool. a^start with x. Let P(Y ) and P(X) be two collections of predicates on the space Y and X, respectively. We de ne predicate transformers as the monotone functions from P(Y ) to P(X). Another natural restriction (besides monotonicity) in the case that Y 2 P(Y ) is to require that a predicate transformer must be top-preserving. Intuitively, multiplicative predicate transformers : P(Y ) ! P(X) preserve the logical`8' on predicates on Y , while the additive ones preserve the logical 9' (even if they are not a predicates in P(Y ) or P(X)). If is also intersection (union) extensible then the logical`8' (`9') of of an arbitrary collection of predicates on Y is always a predicate in P(X). We now de ne a restricted version of the Cartesian product on (multiplicative) predicate transformers by requiring (multiplicativity) monotonicity on the intersection.
De nition1. Let P 1 (Y ), P 2 (Y ) be two collections of predicates on Y and Q 1 (X); Q 2 (X) be two collections of predicates on X. De ne (P 1 (Y ) ! m Q 1 (X)) (P 2 (Y ) ! m Q 2 (X)) as the subset of (P 1 (Y ) ! m Q 1 (X)) (P 2 (Y ) ! m Q 2 (X)) If we consider only bounded nondeterminism then we can restrict the power domains to those sets that are compact in the Scott topology (denoted by the subscript co). Since every Scott closed set of a dcpo is compact in the Scott topology we have H co (X) = H(X). The State transformers are functions (ordered pointwise) from an algebraic dcpo X to one of the power domains over an algebraic dcpo Y .
Relations
In this section we give the isomorphisms between the state transformers and predicate transformers domains. We start with the relation between safety predicate transformers and the Hoare state transformers:
Theorem3. Let X and Y be two algebraic dcpo's. We have the following orderisomorphisms: 
